ABSTRACT. We study some aspects of reflexive modules. For example, we search conditions for which reflexive modules are free or being very close to free modules.
INTRODUCTION
In this note (R, m, k) is a commutative noetherian local ring and M is a finitely generated Rmodule. The notation M stands for a general module. Over reduced rings, problem 1.1 completely answered (see Remark 6.1). Ramras proved any finitely generated reflexive module over BNSI (betti numbers strictly increasing) rings is free. We present some applications of this result. Also, we introduce the class of eventually BNSI rings and we study freeness of reflexive modules over them. We know any nonzero free module decomposes into a direct sum of rank one submodules. Treger conjectured (see [39, Page 462]): Conjecture 1.2. Let (R, m, k) be a complete local (singular and containing a field) normal domain of dimension 2 where k = k and char(k) = 2. Then R is a cone such as k [[x,y,z] ] (x 2 +y 2 +z 2 ) if and only if every nonzero reflexive module M decomposes into a direct sum of rank one submodules. §2 connects reflexivity to the finiteness conditions. As an application, we study the following:
When quasi-reflexive modules are flat? §3 collects different notions of reflexivity. Proposition 3.4 supports a question of Iyengar. §4 deals with freeness of reflexive modules over some classes of rings. In §5 we investigate the reflexivity of dual modules. In §6 we settle Conjecture 1.2.
In §7 we deal with a question of Braun: Let I ✁ R be a reflexive ideal of a normal domain with id R (I) < ∞. Is I ≃ ω R ? In §8 we descent freeness (resp. reflexivity) from the endomorphism ring to the module. This inspired by the paper of Auslander-Goldman. Similarly, we descent some data from the higher tensor products to the module. In particular, we slightly extend some results of Vasconcelos, Huneke-Wiegand and the recent work ofČesnavičius. 2010 Mathematics Subject Classification. Primary 13D02; 13C10 . lim − → M i . By the mentioned result of Serre, each M i is free. Clearly, direct limit of free modules is flat. We apply this to observe that M is flat. To see the particular case, we mention that direct limit of flat modules is again flat. 
Proof. i) ⇒ ii):
The second syzygy of k is reflexive and so quasi-reflexive. By the assumption it is flat. Finitely generated flat modules over local rings are free. Thus, second syzygy of k is free.
This in turn is equivalent with p. dim(k) ≤ 2. In view of local-global-principle, R is regular and of dimension at most two.
ii) ⇒ i): This is in the previous Proposition.
In the next section we recall the concept of weakly Gorenstein for finitely generated modules over local rings and in §4 we study their freeness. It seems the origin of this comeback to 1950
when Whitehead posed a problem: Let G be an abelian group such that Ext + (G, Z) = 0. Is G free? Shelah proved that this is undecidable in Zermelo-Fraenkel set theory, see [36] .
A QUICK REVIEW OF HOMOLOGICAL REFLEXIVITY
Here, modules are finitely generated. We recall different notions of reflexivity (our reference book on this topic is [10] Observation 3.1. Let (R, m) be a local ring such that m 2 = 0. Then any finitely generated weakly reflexive module is totally reflexive.
Proof. Let M be weakly reflexive. Suppose first that µ(m) = 1. It follows that R is zerodimensional Gorenstein ring. Over such a ring any finitely generated module is totally reflexive. Suppose now that µ(m) > 1. Let D(−) be the Auslander transpose. The cokernel of (−)
, R) = 0 for some i > 1 is equivalent with the freeness (see §4 for more details).
Recall that a module M is called weakly Gorenstein if Ext
Also, M is called strongly reflexive if Ext i R (D(M), R) = 0 for all i > 0 (in the common terminology: M is n-torsionless for all n). Example 3.3. Let (R, m, k) be zero-dimensional but not Gorenstein. Then k is torsion-less but neither reflexive nor weakly Gorenstein.
Proof. Since R is not Gorenstein, Soc(R) is not one-dimensional. Also, Soc(R) = 0 and equipped with the structure of vector spaces. The same thing holds for its dual. In particular, the natural embedding k ֒→ Soc(R) * = k * * is not surjective. By definition, k is torsion-less and k is not reflexive. Suppose on the contradiction that k is weakly Gorenstein. The condition Ext i R (k, R) = 0 for all i > 0 implies that R is Gorenstein. This is excluded from the assumption. So, k is not weakly Gorenstein.
The following result is a generalization of [28 Proof. Let p be a minimal prime ideal. It follows that R p is an infinite syzygy. The same thing holds after localizing at p. In particular, the residue field of R p is an infinite syzygy. By [28, 2.8] (or directly) we deduce that R p is of type one. Since R p is zero-dimensional we observe that R p is Gorenstein. For the simplicity of the reader, we recall the following recent result ([44, Theorem
13.2]):
Under the assumption that a ring A is a generically Gorenstein, a module is totally reflexive if it is infinite syzygy.
Since k is an infinite syzygy we deduce that Gdim R (k) = 0. So, R is zero-dimensional and Gorenstein. 
part of minimal free resolution. By definition, β 0 (R/xR) = β 1 (R/xR). By this reason, a ring is called BNSI if for every non-free module M we have β i (M) > β i−1 (M) for i > 1. We will use the following result several times: 
Then the only examples of nonzero reflexive modules are the free modules R ℓ for some ℓ ∈ N. Also, over k [X] (X) n there is no difference between finitely generated modules and reflexive modules.
Proof. Let M be reflexive. Recall that over any commutative artinian ring, every reflexive module is finitely generated. Hence, M is finitely generated. By [33, 3.3] ,
(X 1 ,...,X m ) n is BNSI provided m > 1. Also, in the second case, the ring R is BNSI, see the proof of Fact 3.1. In the light of Fact 4.1, M is free and of finite rank. For the last claim its enough to note that
(X) n is zero-dimensional and Gorenstein (see Observation 2.1).
The following extends [27 
In particular, all betti numbers are nonzero. We recall
We combine these to see
for all i ≥ 1. By definition, R is BNSI. Fact 4.1 yields i) and ii). Let M be reflexive. Recall that over any commutative artinian ring, every reflexive module is finitely generated. Hence, M is finitely generated. By Fact 4.1, we get iii). Let M be skew Gorenstein. By i), M * is free. In general freeness of (−) can not follow from (−) * . If depth of a ring is zero this happens (see [33, Lemma 2.6] ). Since depth(R) = 0, we conclude that M is free. It remains to prove v): This is trivial, because strongly reflexive modules are reflexive and by iii) reflexive modules are free.
Let (R, m, k) be any Gorenstein ring with m 3 = 0 which is not field. Then k is totally reflexive but it is not free. To find nonfree totally reflexive modules over non-Gorenstein ring with m 3 = 0 it is enough to look at [43] . The following extends and corrects [18, Examples (3) ] where it is shown that weakly Gorenstein modules are free without assuming m 2 = (0 : m). . Then any reflexive module is free.
Proof. Let M be any reflexive. Since dim R = 0, M is finitely generated. We have m = (x, y) and that m 3 = (x 3 , x 2 y, xy 2 , y 3 ) = 0. Let us compute the socle. By definition,
Clearly, (0 : m) = m 2 . In view of Corollary 4.4, M is free.
Freeness of totally reflexive is not enough strong to deduce freeness of reflexive:
. Then totally reflexive are free and there is a reflexive module which is not free. . We have,
From this, M ≃ M * * . By [10, 1.1.9(b)] a finitely generated module is reflexive if it is isomorphic to its bidual. So, M is reflexive. Since it annihilated by (y, z) we see that it is not free. Definition 4.7. We say a local ring is eventually BNSI if there is an ℓ ≥ 1 such that for every non-free module M we have
Example 4.8. Let (A, n) be a regulae local ring of dimension n > 1 and f ∈ n be nonzero. Let R := A f n . The following assertions hold: i) Any finitely generated totally reflexive module is free.
ii) For every non-free module M we have:
iii) Let D(−) be the Auslander transpose and let
* In fact, f R is non-free but reflexive.
* The paper [3, 3.5] claims that β i+1 (−) > β i (−) for all i > depth(R) over any Golod ring R which is not hyper-surface and all modules of infinite projective dimension. This is in contradiction with iii). I feel that [3] has a misprint and the mentioned result should be stated that
In particular, the ring R is eventually BNSI but is not BNSI.
The fact that f R is reflexive is due to Ramras by a different argument. Also, part i) extends [37,
Example 5.1] in three directions via a new argument.
Proof. i) The ring R is Golod. Note that codepth(R) := emb(R) − depth R = n − 0 > 1. Rings of codepth at most one are called hyper-surface. Avramov and Martsinkovsky proved, over a
Golod local ring that is not hyper-surface, that every any module of finite Gdim is of finite p. dim.
Also, this is well-known that Gdim is the same as of p. dim provided p. dim is finite. By this, any finitely generated totally reflexive module is free.
ii) Since depth(R) = 0 any non-free is of infinite projective dimension. Lescot proved over a Golod ring R which is not hyper-surface,
and all M of infinite projective dimension (see [23, 6.5] ). Also [33, Proposition 3.4] says that the betti sequence is not
iii) By [33, Proposition 3.5], R is not BNSI. It follows from ii) that there is a non-free module 
By ii) the ring is eventually BNSI. By iii) R is not BNSI.
Lemma 4.9. Let R be a local ring of depth zero. Suppose there is ℓ such that the betti sequence
Proof. The idea is taken from [34] . We look at the minimal free resolution
Since M is totally reflexive and in view of
It follows from Auslander-Bridger-formula that N is totally reflexive. By the assumption, Example 4.8 shows that one can not replace totally-reflexivity with the reflexivity. This can follows from [3] . However, the following proof is so easy:
Proof. There is ℓ such that β i (M) > β i−1 (M) for i > ℓ and all non-free M. Due to the above remark, depth R = 0. In view of Lemma 4.9 we can take ℓ = 0 provided M is totally reflexive and non-free. Since depth R = 0 and in the light of [33, Lemma 2
Another use of the former observation implies that
. This is a contradiction that we searched for it.
The above argument shows a little more:
Remark 4.12. Let R be a local ring. Suppose there is ℓ such that β i (M) > β i−1 (M) for i > ℓ and all nonfree totally reflexive module M. Then, any finitely generated totally reflexive module is free.
Proof. We assume depth(R) > 0. Let M be totally reflexive. Suppose on the contradiction that M is not free. It turns out that M is of infinite projective dimension. Without loss of generality we may assume that M has no free direct summand (any direct summand of weakly reflexive module is weakly reflexive). If M * has a free direct summand, then its dual M * * has a free direct summand, and in view of M ≃ M * * we get a contradiction. We proved that M * has no free direct summand. Without loss of generality we may assume that ℓ > depth R. We look at the minimal free resolution
Due to the exact sequence we have Ext
and that Gdim is bounded by depth provided it is finite. We combine these to see that Gdim(
In particular, we can take ℓ = 0. Suppose on the contradiction that p. dim(M * ) < ∞. It follows that p. dim(M * ) = sup{i : Ext i R (M * , R) = 0}. This is zero because M is totally reflexive. Freeness pass to dual. From this, M ≃ M * * is free, a contradiction. Let
One may like a ring for which every non-free module M there is an ℓ(M) such that
We say a such ring is weakly BNSI. This property is not enough strong to deduce freeness from the totally reflexiveness: Observation 4.13. Let (R, m) be a Gorenstein local ring such that m 3 = 0 and µ(m) > 2. Then R is weakly BNSI. Also, there is a nonfree totally reflexive module.
Proof. If m 2 were be zero then we should have (0 : m) = m. Since the ring is Gorenstein, it follows that µ(m) = 1. This excluded by the assumption. We assume that m 2 = 0. We set n := µ(m).
Fact A) Let (A, n) be an artinian ring and N be finitely generated. Let h be the smallest i such that
Since
. By definition, R is weakly BNSI. Every non-free module M is totally reflexive (e.g. the residue field), because the ring is Gorenstein. Proof. This is a folklore example of a Gorenstein ring. Also, m 3 = 0 and µ(m) = 3. By Observation 4.13 R is weakly BNSI. Fact A) Over quasi-normal rings, a necessary and sufficient condition for M to be reflexive is that every R-sequence of two or less elements be also an M-sequence.
The canonical module is maximal Cohen-Macaulay. Due to Fact A) we see ω R is reflexive. However, ω R is not free, because the ring is not Gorenstein. iii) It is shown in [31] that the ring presented in Observation 4.15 is quasi-decomposable. In view of Observation 4.15(iii) we can find a reflexive module which is not free. Proof. We may assume ℓ ∈ N. We argue by induction on ℓ. Without loss of the generality we may assume that ℓ = 1.
Claim A) Let (S, n) be an artinian local ring and N = 0 be finitely generated. Then N * is nonzero. Indeed, since N is finitely generated and nonzero, Ass(Hom(N, S)) = Supp(N) ∩ Ass(S) = {n}. In particular, N * = 0.
In view of Claim A), we see that M * is nonzero. One may find easily that M * is finitely gener- Proof. Recall that M n * = M for all n, since M is free. Also, type(R) > 1 because R is not Gorenstein. Thus,
In particular, we consider to modules with no free direct summands: and M := m. Then lim n→∞
Proof. Note that R = Q ⊕ Qx ⊕ Qy ⊕ Qy 2 and (0 : m) = (x, y 2 ). From this, type of R is 2. Also, ℓ(m) = 3. Since xy = 0, we have
2 ) ( * )
Now, we compute dual of R/(x, y 2 ):
We combine ( * ) along with ( * , * ) to see that m * = Q * ⊕ m. We take another dual to see m * * = Q * * ⊕ m * = Q * * ⊕ Q * ⊕ m. By an easy induction,
Recall that Q * = ⊕ type(R) Q and that Q n * = ⊕ type(R) n Q = Q 2 n . We put this along with ( * * * ) to see
Consequently, lim n→∞ Proof. We may assume that m = 0. Due to [27, Proposition 1], ℓ(M * ) = ℓ(m)µ(M). We remark that M * is torsion-less. It is submodule of a free module F. Let f : M * ֒→ F. Then M * is a first syzygy of coker( f ) with respect to a free resolution of coker( f ). Let Syz 1 (coker( f )) be the first syzygy of coker( f ) with respect to the minimal free resolution of coker( f ). There are free modules R n and R m (m ≤ n) such that Syz 1 (coker( f )) ⊕ R m ≃ M * ⊕ R n . By Krull-Schmidt theorem over complete rings, M * ≃ Syz 1 (coker( f )) ⊕ R n−m . We recall from [33, Lemma 2.6] that M * has no free direct summands, because M has no free direct summands and depth of the ring is zero. We conclude that M * ≃ Syz 1 (coker( f )), and so that M * ⊂ mF for some free module F.
. By repeating this, M n * has no free direct summands for all n ≥ 1. Also, ℓ(M n * ) = µ(M n * ) for all n ≥ 1. By the mentioned result of Menzin, ℓ(M (n+1) * ) = ℓ(m)µ(M n * ). An easy induction implies that ℓ(M (n+1) * ) = ℓ(m) n µ(M * ). We use m 2 = 0 to deduce ℓ(m) = type(R). Therefore, 
Let R be an artinian non-Gorenstein ring. We ask:
Question 5.11. When is the limit lim i→∞
The following extends the Third Dual Theorem, see [21, 19.38] (and it is well-known over abelian groups, see [13, Ex. 12.11 . (3) Proof. In view of the Third Dual Theorem, we need to proof the claim only for ℓ := 1. To this end,
it is isomorphic to its bidual.
By (S n ) we mean the Serre's condition.
Fact 5.13. (Masek) Let R be generically Gorenstein and (S 1 ). Then M ℓ * is reflexive for all ℓ ∈ N. In particular, over reduced rings M * is reflexive.
For the simplicity, we present the proof:
Proof. Indeed, in the sense of Masek, R is 1-Gorenstein. Over a such ring, 2−torsionless is the same as of 2−syzygy, see [25, Corollary 45] . Let
Thus, M * is 2−torsionless, and so reflexive. In view of the Third Dual Theorem, M * ... * is reflexive for all ℓ ∈ N.
Remark 5.14. We observed in 5.1 that the assumption on R in Fact 5.13 is important. Also, the finitely generated assumption on M is important even over Z: i) There is an abelian group G such that G * is not reflexive, see e.g. [11, XI, Theorem 1.13].
ii) There is a non-reflexive abelian group G such that G ≃ G * * , see [11, Page 355] (by [10, Proposition 1.1.9] such a thing never happens in the setting of noetherian modules). The origin proof uses topological methods.
TREGER'S CONJECTURE
Here, modules are finitely generated. Over normal domains, freeness of rank-one reflexive modules implies UFD. Over complete normal rings, freeness of reflexive modules of rank at most two implies regularity, see [39, 2.14] . Recall that a module is indecomposable if it is non-zero and cannot be written as a direct sum of two non-zero submodules. Proof. In the case n = 1, the ring R is regular and is of dimension one. Remark 6.1 shows that reflexive modules are free. Also, the case m = 1 is trivial. The case n = 2 is a modification of Example 6.2 (it may be worth to note that there is a geometric proof in [16, Lemma 1] ). Next we deal with n = 3 and m = 2. This is in [2, Theorem 4.1] that the canonical module of R is generated by 3 elements and not less. Recall that ω R is of rank 1. However, if we pass to its first syzygy we get a rank 2 indecomposable maximal Cohen-Macaulay module Syz(ω R ). In particular, Syz(ω R ) is a reflexive module and of rank two. Since Syz(ω R ) indecomposable, it does not decomposable into a direct sum of rank one submodules. Finally we assume either n > 3 or Proof. Suppose every graded reflexive module is decomposable into a direct sum of rank one submodules. Set C := Proj(R). By Serre's criterion of normality ([17, Page 185]), C is a smooth projective plane curve. Also, C is of degree equal to d := deg( f ), see [17, Proposition I.7.6] . Also, C is reduced, irreducible and connected. Recall that there is no difference between reflexive modules and maximal Cohen-Macaulay modules. Maximal Cohen-Macaulay are locally free over punctured spectrum and their are of constant rank, since R is domain and is regular over punctured spectrum. In this regards, graded reflexive modules correspondence to vector bundles. Here, we need R is finitely generated by R 1 as an k-algebra (for more details see [17, Proposition II.5.15] ).
Proof. Let
In sum, we observed that any vector bundle on C is isomorphic to a direct sum of line bundles. Again, we are going to use the fact that k = k: By [4, Theorem 1.1], C is isomorphic to P 1 . Recall that genus is birational invariant, see [17, V.5.6.1]. Since C is smooth,
Ex. I.7.2]). This is zero, because g P 1 = 0. This implies that d ≤ 2. It d = 1 this implies that R is nonsingular which is excluded by the assumption. Then we may assume that d = 2. Since char k = 2 and in view of [17, Ex. I.5.2] and after a suitable linear change of variables, C is defined by
. In the sense of representation theory, R has singularity of type A 1 . In particular, there are only two indecomposable Maximal Cohen-Macaulay modules.
Both of them are of rank one. The proof is now complete.
The standard-graded assumption is really important: of rank bigger than one, see [39, Remark 3.12 ] (here we adopt some restriction on the characteristic). Let us determine the rank of such modules. i) Let R be a complete 2-dimensional UFD which is not regular and containing a field. Then any indecomposable reflexive module is of rank 1 ≤ i ≤ 6. ii) Let R be a complete 2-dimensional ring of Kleinian singularities. Suppose any reflexive module over R decomposes into a direct sum of rank one reflexive submodules. Then
for some n > 1.
Proof. Since R is UFD, its classical group is trivial. This implies that any rank one reflexive module is free. By Remark 6.1 there is a reflexive module which is not free. By this there is an indecomposable reflexive module of rank bigger than one. 
V.5.8])
. For example in [7] , there is a complete list of representatives of the isomorphism classes of indecomposable maximal Cohen-Macaulay modules. The ranks are [1, 6] .
ii) The proof of this is similar to i) and we left it to reader.
be a singular standard graded normal ring of dimension 2 where k = k with char k = 2. Suppose deg(R) ≤ 7. Then I can be generated by degree-two elements if every nonzero graded reflexive module decomposes into a direct sum of rank one submodules.
Proof. Let C := Proj(R). We may assume that C is genus is zero, see Proposition 6.4. The case deg(R) ≤ 4 follows from the following fact:
Fact (Treger-Nagel) Let X ⊂ P n be an arithmetically Cohen-Macaulay variety of degree d and codimension c > 1. Then the defining ideal is generated by forms of degree ⌈ d c ⌉. For the simplicity we recall the following classification result: Let X ⊂ P n be an irreducible and reduced normal projective subvariety of dimension one and degree five which is not contained in any hyperplane of P n . Then X is one of the following four types: i) a curve of genus 6 in P 2 , ii) a curve of genus 2 in P 3 , iii) an elliptic curve of degree 5 in P 4 , or iv) a rational normal curve in P 5 . These are not isomorphic with C (we use the presentation of [38, page 4324] ). The only projectively normal curve of degree 6 in P 3 not contained in any plane are of genus 3 or 4 (see [17, Ex.V.6.6]). The same citation shows that the only projectively normal curve of degree 7 in P 3 not contained in any plane are of genus 5 or 6. The proof is now complete. Proof. Due to the Serre's criterion of normality, the ring is (S 2). Since dim R = 2, we see that R is Cohen-Macaulay. In the light of Fact A) in Observation 4.15, depth I ≥ 2. Since dim R = 2 we deduce that I is maximal Cohen-Macaulay. We may assume that the ring is complete: Let [42, Definition 5.6] ). Also, recall that if M ⊗ R ≃ N ⊗ R, then M is also isomorphic to N (see [42, Lemma 5.8] ). Since R is complete and Cohen-Macaulay, K R = ω R , in the sense that it is maximal Cohen-Macaulay module of type one and of finite injective dimension. For the simplicity, we bring the following from [24, Proposition
11.7]:
Fact A) Let A be a Cohen-Macaulay local ring with canonical module ω A . If a module M is both Maximal Cohen-Macaulay and of finite injective dimension, then M ≃ ⊕ n ω A for some n.
We apply the above fact to see I ≃ ⊕ n ω R for some n. Since the ring is domain, there are no pair I 1 , I 2 of nonzero subideals of I such that I 1 I 2 = 0. Thus, n = 1 and that I ≃ ω R . Proposition 7.3. Let R be an analytically normal domain and I ✁ R be totally reflexive with id R (I) < ∞. Then I isomorphic to a canonical module.
Proof. Due to Bass' conjecture (which is a theorem), R is Cohen-Macaulay because there is a finitely generated module of finite injective dimension. Due to the above argument, we may assume R is complete. By definition, totally reflexive are of zero G-dimension. By AuslanderBridger, depth(I) = Gdim(I) + depth(I) = depth(R) = dim(R). This says that I is maximal Cohen-Macaulay. We apply Fact A) in Proposition 7.2 to see I ≃ ⊕ n ω R for some n. Since the ring is domain, I ≃ ω R .
DESCENT FROM THE ENDOMORPHISM RING AND TENSOR PRODUCT
In this section we apply the Serre's condition (S n ) for modules. An R-module M satisfied (S n ) if M p is either maximal Cohen-Macaulay or 0 when ht(p) ≤ n, and depth(M p ) ≥ n if ht(p) > n with the convenience that depth(0) = ∞. The results divided into two subsections. 
Proof. One can assume that the ring is local and M is nonzero. 
We use the depth lemma to see that
This contradiction shows that M is reflexive. 
Proof. We have Ext (M, M) = 0. Due to the 2-dimensional case, we observe that M is free over R, and so M is free over R. Example 8.7 . The Gorenstein assumption in Proposition 8.6 is important. Indeed, let R be any local complete Cohen-Macaulay ring which is not Gorenstein. We look at the canonical module. by weakening of (S n ) to (S n−1 ). The left hand side is an even number and the right hand side is odd. This is a contradiction.
Recall that Ext
Remark 8.9. Having the constant rank in Proposition 8.8 is really needed: we look at R :=
Q[X, Y, Z, W]/(XY) and M := R/(xR).
It is easy to see that M ℓ⊗ is (S 2 ) (resp. reflexive) for all ℓ > 0 but M is not free. Also, this shows that [29, Theorem 3 .1] needs the extra assumption: the module M has constant rank.
